It is a well-known fact that longitudinal déformation of a thin threedimensional isotropic plate Q h = Q x (-h/2, h/2) can be described approximately by a solution of the two-dimensional elasticity problem for the Lame operator with a new Poisson ratio. In the classics of the theory of elasticity the correspondance between these formulations of the plate problem is concluded by the hypotheses which are based on certain physical reasons and assert the stress field in Q h to depend only on the variables (x v x 2 ) and to satisfy the restrictions <7 13 = <r 23 (x 3 -axis is perpendicular to the bases S^ of Q h ). Such assumptions, of course, are sufficient to dérive the équations in Q from the ones in Q h . However, in frames of this heuristic approach boundary value conditions on the latéral surface S h can be fulfilled only in some intégral sensé and, hence, in the vicinity of S°h the stress state loses the above-mentioned plane properties. This perturbation of the state is interpreted in mechanics as an abnormal influence of S°h ; it results in so-called plate edge effects. Several mathematical approaches have been developed to perform the dérivation in question (see [1] [2] [3] [4] [5] , etc). Most of them are based principally on the direct asymptotic analysis of the elasticity problem, since plate* s thickness h is to be regarded as a small parameter. Leading terms of the asymptotics in Q h prove to coïncide with a solution of the problem in Q, while among terms of higher orders there are component solutions of boundary layer type which are closely connected with the plate edge effects. The procedure to investigate the boundary layer phenomenon was developed in [6] [7] [8] [9] and others. In our paper we follow the way indicated in [10, 1] and slightly modified in accordance with [8] (see Sect. 4 and 5) .
The question of justification cornes up, apart from formai asymptotic constructions. In [11, 2] it was proved that in certain natural sensé solutions of the problem in Q h converge as h -» + 0 to a solution of the corresponding problem in Q (both longitudinal déformation and bending of plates are under considération). The results of the paper [12] , which treats self-adjoint elliptic problems in thin domains, can be applied also to the plate problems in virtue of Korn's inequality with a correct distribution of powers of h at terms in H l ( Q l )-norm. The necessary inequality was obtained in [13] where the theory of bending of thin plates was justified (see also [14] [15] [16] with variants of Korn's inequalities including weighted ones). This inequality becomes asymptotically sharp for bending (cf. [17] where the précision of the estimate verified in [13] is confirmed indirectly). However, avoiding principal spécifications of plane stress state it loses the sharpness in the case of longitudinal déformation. Thus, the estimâtes derived from the gênerai ones in [12] can not be précise. In Section 1, by a new distribution of multipliers h m , we fit up Korn's inequality for our case and then, in Section 6, use it to justify the asymptotics.
To check up the asymptotic précision of an estimate, one should, first of all, find out asymptotic terms of higher order. For a plate with the clamped latéral surface such correcting terms were constructed in [18] (this paper does not contain complete proofs, but the estimâtes needed to conclude them can be derived, of course, by the same considérations as in Sect. 6). It happens that boundary layer component solutions are of the main importance for the corrections while the solution of the problem in Q with Dirichlet conditions on dQ détermines the displacement and stress fields in Q h up to O(h) and ) ! For other types of loading (mass forces, compression loads applied at plate's bases, etc.) there appear additional asymptotic terms which have the same structure as the leading one, but are generated by another solutions of the previous problem in Q. Owing to the outlined similarity we sum up all the solutions in Q which have figured in the asymptotics and form the "high précision" problem. The data of the last problem, of course, depend on the small parameter. The main point is that although the solution v* = v° + hv l + h 2 v 2 can be obtained by the same means as v°, the two-dimensional field v gives rise to high order approximations of displacements and stresses (see Sect. 7 and 8) . In this connection, we mention that analogous modelling of déformation of plates with clamped edges is realized by treating problems in a slightly perturbed domain Q(h) with elastic clamping conditions on dQ(h) (see [18] , and [17] in case of bending).
As usual, the asymptotic procedures applied hère need supplementary assumptions on smoothness of the problem data. Paying attention to simplification of proofs we do not search for the sharpest restrictions and choose ones, sufficient in plenty to conclude précise estimâtes. Nevertheless, basing on that in engineering it is very unreal to distinguish bet ween Sobolev spaces H e + 9/2 (Q) and H e + 7/2 (Q) (see Remark 3), we are hoping that this incompletion will not deny possible applications of the results.
FORMULATION OF THE PROBLEM ON A THIN PLATE
Let Q cr IR be a domain bounded by a smooth simple contour. We introducé the cylinder 2, = {;c = (v,z)e R 2 xR l :yeû, |*| < h/2} with the bases S * = Q x { ± h/2} and the latéral side S°h= dû x (-h/2, h/2) ; hère ft/diam Q is a small parameter. Henceforth we achieve diam Q = 1 by rescaling, the h being small itself. We assume the thin plate Q h to be made from an isotropic homogeneous elastic material and regard the three-dimensional problem of the linear theory of elasticity
where L is the Lame operator with the constants A, ju ; V x = grad, A x = V^. V x , M* is a displacement vector, a( u ) is a stress tensor with the Cartesian components <5 £ . . means the Kronecker symbol, e' is the unit vector of jt f .-axis, n = ( n' 0 ) and ri imply the unit outward normal s on S h and dQ, respectively. In order to treat the pure longitudinal déformation of the plate we suppose, in addition, that where the mass force ƒ and the loads q, p are two-dimensional vectors. Due to the assumptions on the data symmetry we always may choose a solution of (l)- (3) with the properties Further we deal only with solutions satisfying (6) . It is a well-known fact that the field u h is determined up to rigid displacements, the lineal of which, under the restrictions (6) Thus, in order to treat unique solutions we must add to (6) certain orthogonality conditions -we select the following ones :
Hère oe is a subdomain of Q, mes 2 oe > 0 and dist (cw, Q) ^ d> 0 ;
We shall need variants of Korn's inequality adapted for thin domains. The first one was obtained in [13] and we present hère the original proof, simple and short. 
cE(u]
We perform the changes of variables
in the last intégral ƒ and obtain
(10)
We replace h by 1 in the integrand and apply Korn's inequality (e.g. [19, 14] ) in the fixed domain Q x (note that h ^ 1 and conditions (6) , (7) at h = 1 are fulfilled by (u,w)). Thus, It suffices to get back to x and u by inverting (10).
• Due to (9) with i=j = 3 one can omit the multiplier h 4 at II^^H^ in (8) . Nevertheless, inequality (8) stands to ignore spécifications of restrictions (6) (bending of the plate is impossible) and it may be improved. First, since M 3 = 0 due to (6), we appeal to the Poincare inequality 
allows us to eliminate h 2 at llw'H^ in (8) . We formulate now the resulting inequality.
LEMMA 2 : If u satisfies (6) and (7), then
Multiplying (1) by M\ integrating by parts and taking (2), (3) into account, we arrive at
Applying (11), we conclude (Q h ) subject to (6) , (7), and the estimate (12) is valid with the constant c depending neither on h ^ 1 nor on ƒ, p, q.
Proof : Taking account of (5) we dérive (13) from the usual compatibility conditions for an elasticity problem in a spatial domain. They are six (the main vector and moment of loading have to vanish), however (7) contains only three linearly independent conditions -the three are fulfilled spontaneously in virtue of (6) . Uniqueness of a solution follows from that a rigid displacement becomes trivial, since it satisfies both (6) and (7).
• We note that (12) and (13) were the very reasons to put h into the right-hand side of (2).
THE ASYMPTOTICS OF u h AT A DISTANCE FROM S°h
Following the gênerai approach for constructing asymptotic décompositions of solutions of elliptic problems in thin domains (see [1, 20] , etc.) we take (14) as the asymptotic form for a solution of (l)-(3), (6), (7) . We use just the same notations as in (10) and prescribe While going over to the coordinates (y, () we get the représentations
where
In the list (17) we have omitted zero entries of 3 x 3-matrices L k and B k , We put (14) , (16) into (1) and (2) and piek up coefficients at h j~2 and h J~\ respectively. As the result, we obtain the Neumann problems for ordinary differential (in £ ) équations with the parameter y e Q :°
Here V € = 0 and P^ = 0 in the case Î < 0. It is clear that the formula
implies the compatibility condition for the problem
Our immédiate objective is to solve, step by step, problems (18) with j = 0, "., 4 and write down corresponding compatibility conditions which will be intended to define v k in (14) . We dénote the right-hand sides of (18) 
Further, ^ = 0, flf ! * = -AV y . y 0 e 3 and obviously
By (20), (21) and (5), (17) 
Hère V is the two-dimensional Lame operator with the same shear modulus fÀ as in (1) 2, 1996 (compare the last line with (25)). Finally, the equality (19) at j = 4 coincides with (22) where k = 2 and
THE BOUNDARY LAYER
In Section 3 we derived Systems (22) intended to define the functions v 1 in (14) . In order to supply them with boundary conditions we investigate the boundary layer phenomenon near the latéral surface.
Owing to (20) , (21), (25), (27) 0, i k =1,2), (29) where dots stand for inessentional terms and T. fc ( v ) are the Cartesian components of the two-dimensional stress tensor T(V), Stresses (29) have to satisfy certain conditions on plate's latéral side. According to (5) and (29) we eliminate in (3) discrepancies of order O{ 1 ) by setting
Discrepancies of higher orders are compensated by the solution of boundary layer type Hère (s, n) are natural coordinates in the neighbourhood % of dQ, s and n mean the are length on dQ and the distance from dQ along the outward 
while a sn = o m and s o on. Now we should follow the same way as in Section 3 : to dérive décompo-sitions of the operators L and B written in (s,^), to put them together with (32) into (l)-(3), and to collect coefficients at h j~2 and #'~\ respectively. As the resuit, we obtain a row of problems with differential (in tj ) équations and the parameter s. Besides, in the coordinates tj each of cross-sections of the plate Q h by planes, perpendicular to S°h, becomes the semi-strip i7=(-oo,0)x(-1/2,1/2) after putting h = 0. Using the notations the symmetry restrictions on /?, J^0, i^1 that ensure (37) are demanded, too.
The main property of the boundary layer functions W j is to decrease at an exponential rate as rj x -» -». The following assertion is a spécification of gênerai results on elliptic problems in domains with cylindrical outlets to infinîty (cf. [21, 22] and Ch. 5 [23] ) ; of course, there exist other approaches to prove this well-known resuit. 
the corresponding estimate holding true. One can take more précise results from [23] .
We are going to fulfill (38) by fixing certain boundary value conditions on dû for i/~\ We recall that we have compensated F, P ± in (1), (2) and P° in (3) while constructing (14) and prescribing (31), respectively. Hence, taking account of £ = n x we obtain, in virtue of (29) and (34), the formulae
where we use (s,n) instead of y as arguments of v l , q and n\ Thus, the conditions (38) with j = 2 turn into
and, further,
where X satisfies (35) with H j '=0, K j± =0 and K j0 (n 2 ) = rj 2 e 2 .
Since differential operators written in (s,n) lose homogeneity property and their coefficients are not constant, the calculation of H\ K j± , K j0 for j ^ 3 looks more complicated than calculations we have performed : one should décompose the coefficients into Teylor series in n, make the change vol. 30, n° 2, 1996 n i-> rj 2 and collect all terms of order O( h j~2 ), the number of which increases intensely due to growth of j. Nevertheless, every expression with j = 3 is simplified by W 2 = 0 and, in the end, we arrive at
and
H\ = (Ï. + n)j-s {d,W\ + d 2 W\) ,¥?* -fij-s W\,
To shorten formulae, we put d. in place of dfdtf^ We outline that the discrepancy, produced in (3) by (29), was taken into account both in (42) and (43) (see K]° and^f).
We corne up at the main difficulty : to calculate intégrais in (38) whilst any mple form for W is not available.
LEMMA 3 :
The formulae
//J (the X was introduced in (41)). 
Proof : Let us define the vector fields

Y\r,) = [4,u(A +AO]~ '( [A \n)Y\r, v r, 2 ).
where s' is the unit vector, tangent to dû. We emphasize that (31), (40) and (45) imply boundary value conditions for the Systems (22) with k = 0, 1,2. Moreover, the compatibility conditions for (22) , k = 0, follow from (13) (see (24) ) while the ones for (22) 
JUSTIFICATION OF THE ASYMPTOTICS
We suppose that
with some positive s. Then in virtue of well-known assertions connected with smoothness of solutions of elliptic problems we get the inequality
for the solutions of (22), (31) and (22), (45). In (48) and further J r £ means the sum of the norms of ƒ, q and p in the function spaces indicated in (47). Besides, the formulae
are valid. To dérive (49), we refer to (20) , (21), (25), (27) in case i ^ 3, and at i = 4 we recall the structure of the right-hand side of (18) and (46) with k = 3 is satisfied. Besides, the inequality (46) holds true also for j = 4. Our immédiate objective is to calculate and to estimate the discrepancies produced in (l)- (3) Resuming the relations derived for 3F™ and using the same arguments to estimate g w we find that
According to our choice of boundary value conditions on the end of the semi-strip 77, we arrive at
At last, we mention that it possible to fix the % and the d (see the texts below (32) and (7), respectively) such that supp lF h a Q\co, and, hence, U h inherits orthogonality conditions (7) from (46).
Our considérations resuit in the following assertion.
THEOREM 1 : Under (47) and (5), (13) the solution u of (l)- (3), (6), (7) Proof : Applying the estimâtes we have just obtained we follow the véri-fication of Proposition 1 which shows, in particular, how to use Korn's inequality (11).
• Remark 3 : The précision O(h in ) of the asymptotic approximation (51) in the norm | . \ h holds true even under slighter restrictions on/, q, p than in (47) (it is very predictable that in (54) £ can be replaced by e -1 ). To check this point up, one has to estimate H\ j2 ft )*-norms of discrepancies, i.e. to treat an intégral identity, to perform a refined intégration by parts, and so on. Hère, in order to simplify the vérification of the inequality (54), we lose this chance.
Since in virtue of (52), (49), (50) we can exclude these terms from the approximation formula (51).
COROLLARY 1 : Under (47) and (5), (13) 
is valid where Jf e means the sum from the braces in (51).
Remark 4 :
Observing (51) and (11) we find that inequality (12) contains asymptotically précise estimâtes of each term in the middle of (11) 
The author does not know whether the multipliers h 2 at the above terms can be eliminated. Moreover, the estimate (12) becomes totally précise only in the case the new multipliers h~ 2 appear in place of h 2 . The latter, of course, is impossible in view of (9) . It looks like that the relation
follows from the additional assumptions on data smoothness and can not be derived from Korn's inequality itself.
THE HIGH PRECISION PROBLEM
The latéral side S°h influences the whole stress-strain state of the plate Q h , flrst, by appearing of boundary layer component parts in solution asymptotics and, second, by perturbing the right-hand sides of boundary value conditions for component solutions of "smooth type". The last f act shows, in particular, that plate edge effects do no concentrate in the vicinity of S°h. While one describes such effects far from S°h it is very natural to unité three resembling problems for the smooth component solutions u°, v l and v 2 into one problem. Although its solution v* may be computed by the same means as the solution v of (22), (31), it approximates the déformation of the plate more precisely.
The sum where V is the Lame operator (see (22) ) and
We outline that ƒ* is obtained by summing (24), (26) and (28) while p* is the sum of the right-hand sides of (31), (40) 
(Q).
Starting with v we introducé the three-dimensional displacement field U' = ({/', Ui)<BH\Q"), 
Remark 4 :
In the vicinity of the latéral surface of Q h the approximations v° + hV 1 and U* + Û possess the same asymptotic accuracies (because the boundary value component h w is ignored by both of them). Nevertheless, at a distance of S°h (for example, on (cox (-h/2, h/2)) the sum U* + Û gives more précise approximation than v° + hV 1 . We repeat that to find U* is to solve the problem (57) of just the same type as the problem for v°9 while formulae (60) for Û contain only the datum q. The analogous conclusions hold true also for stress fields.
GENERALIZATIONS AND SPECIFICATIONS
In previous sections we treated loads of special type (5) ; hère we touch upon modifications which do not influence both the approach and results.
i) Let us suppose that the bases S^ of the plate are f ree of loads and the mass forces are neglectable, too. In other words, q = 0 and ƒ= 0 in (5) and (1), (2) . In this case the high précision problem (57) coincides completely with the problem (22) We assume the formulae (58), (59) with v* = v° to hold true, while Û = 0, â -0 in accordance with (60). Repeating the same arguments and calculations as in Section 6 we arrive at the inequalities We emphasize that the assumption on the smoothness of dû is décisive for the above-mentioned f act s to hold true. For ex ample, in the case of a cracked plate, where angular points of the boundary dQ appear, the précision of the approximation, even far from the crack, becomes equal to O( h ) (see [24, 25] ).
ii) Let us introducé a compression component s into the loads applied at plate bases S ƒ. In other words, we replace (2) (47)). Retaining the approach to construct the asymptotics, we restrict ourselves to present only the list of the corrections in the previous formulae : définitions (21) , (25) In virtue of Proposition 2 we arrive at the following condition for the solution W 1 to vanish at an exponential rate as r\ x -^-00:
T ( " ) (o°;y) = r° (5) , y e d£2 .
vol. 30, n° 2, 1996 Hère r° = ( r°, r° ) ; r s and r n are components of the main vector of the load &> on dI7 which coincides with 0^ at rj x = 0 and ± ^± at 
Thus, we have got the problems (22), (69) and (22) , (71) to define v° and v l (note that f=/=0 in (22) according to ƒ=()). We avoid boundless calculations to find boundary conditions for v 3 and we finish considération of problem (1), (66) with mentioning that both the justification of the asymptotics and the formation of the high précision problem can be performed according to the patterns we use in previous sections.
